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THE SZEGO KERNEL AS A SINGULAR INTEGRAL KERNEL
ON A FAMILY OF WEAKLY PSEUDOCONVEX DOMAINS

KATHARINE PERKINS DIAZ

ABSTRACT. The Szegd kernels on the weakly pseudoconvex domains {Im z, > |z,]?},
k € Z*, have been computed by Greiner and Stein. After constructing a global,
nonisotropic pseudometric suitable for Calderon-Zygmund singular integral theory
on the boundaries of the domains, we study principal value operators associated to
these Szegd kernels. We prove that the principal value operators are bounded on L?,
for 1 < p < oo, and that they preserve certain nonisotropic Lipschitz classes. We
then derive a Plemelj formula that relates the principal value operators to the Szegd
projections. From this formula we deduce that the Szegd projections are also
bounded on L7, for 1 < p < oo, and that they preserve the same nonisotropic
Lipschitz classes.

1. Introduction. We show that the Szegd projection on the weakly pseudoconvex
domains H, = {(z,,2,) € C* Imz, > |z;]**}, k a positive integer, is bounded on
L?(3H,), for 1 < p < oo, and that it preserves certain nonisotropic Lipschitz classes
[, for0<a<l.

In a paper on singular integrals on homogeneous spaces [KoV], Koranyi and Vagi
showed that on the ball and on the generalized upper half-space in C”, the Szegd
projection is bounded on L” of the boundary and that it preserves [, for
0 < a < 1. Phong and Stein [PS] showed boundedness on L?, 1 < p < o0, and
preservation of I', for 0 < a < oo for the Szegd projection on all bounded, strictly
pseudoconvex domains. Phong and Stein [PS] and, independently, Ahern and
Schneider [AhS] showed that the standard, that is isotropic, Lipschitz classes A,
0 < a < o0, are also preserved by the Szegd projection on bounded, strictly pseudo-
convex domains. Bonami and Lohoué [BL] considered the weakly pseudoconvex
domains D= {z€ C" |z|*P + --- +|z,|”P <1}, B,,....B, € (0,1]. They
showed that the Szegd projections on Dy are bounded on L7(3D;),1 < p < o0.

Our work here is similar to parts of [KoV, FS, and NS]. That is, we treat the Szego
kernel from the point of view of singular integral theory on dH,. The Szeg6 kernel of
a domain in C" possesses a nonisotropy that reflects the splitting of the tangent
space of the domain into a complex tangent space and a remaining direction.
Therefore, a nonisotropic singular integral theory that also reflects this splitting of
the tangent space is used. In the classical case [S1], the main estimate on a singular
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integral kernel is the Calder6n-Zygmund estimate

1
|x = y[Vol B,(Ix = yl)
The necessary nonisotropic singular integral theory for the Szegod kernel is obtained
by replacing Euclidean distance with a nonisotropic pseudometric. On the boundaries
of bounded, strongly pseudoconvex domains the suitable pseudometric is con-
structed by taking ordinary Euclidean distance in complex tangent directions and
the square root of Euclidean distance in the remaining tangent direction. See [KoV,
FS, NS, and A1]. On the boundaries of weakly pseudoconvex domains matters are
complicated by the fact that the nature of the nonisotropy of the Szegd kernel
S(x, -) depends on the pseudoconvexity type of the point x and also on the type of
nearby points. Hence, on domains that are not strongly pseudoconvex (i.e. type two
everywhere) the necessary pseudometric is not only nonisotropic, but its nonisotropy
varies from point to point. Nagel, Stein, and Wainger in [NSW1 and NSW2] have
defined and analyzed such a pseudometric in a local setting. However, we require
global control on our kernel. Hence, we have used the Szegd kernel itself as a guide
to construct a global pseudometric on d0H,. Much of our work consists of (1)
showing that our formula does give a pseudometric with respect to which singular
integral theory can be carried out and (2) estimating the Szegd kernel in terms of
that pseudometric. Once these have been accomplished the L7 and Lipschitz
regularity follow in a fairly straightforward way from standard arguments.

§2 contains definitions and notation. §3 contains the definition and basic proper-
ties of the pseudometric that we use. It is the properties derived in §3 that allow us
to adapt classical singular integral theory to the context of our domain, dH,, and our
pseudometric. The facts obtained in §3 also show that the pseudometric is crudely
the right size for studying the Szegd kernel. §4 contains a characterization of the
pseudometric in terms of curves whose tangents always lie in the complex tangent
space. It is from this characterization that we obtain a Calderon-Zygmund condition
on the Szegd kernel. §5 contains theorems about singular integral operators. §6
contains the estimates on the kernel and our main results, namely Theorems 6.4.1,
6.4.2,6.5.4, and 6.5.5.

|v . K(x.y)|<

2. The domains H, and their Szeg6 kernels. The domains we study are H, =
{(z,,2,) € C* Imz, > |z,|**}, k a positive integer. The boundary of H,, dH, is
strongly pseudoconvex everywhere. For k > 1, dH, is strongly pseudoconvex for
z, # 0 and weakly pseudoconvex of type 2k in the sense of Kohn [Ko] for z; = 0.
Thus the set {z, = 0 = Imz,, Rez, € R} forms a real line of points in dH, of type
2k.

Note that 9H, = {(z,,z,) € C% Imz, = |z)]**} is naturally parametrized by z,
and Re:,. We use the following notation.

(2.1.1a) Points in 3dH, are denoted §, w, v etc.
$=1(z5.2,)~(z,t), =z=:z€C, 1=Rez, €R;
w=(w,w)~(w,s), w=w €C, s=Rew,€R;
v="(u,uy)~(u,r), u=u€C, r=Reu,€R
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Sometimes we write
(2.1.1b) $=(z,t)=(x+iy,t), z=x+iy.

Occasionally we refer to points inside H,. We continue to use {, w. Then,
(2.1.1¢)

$=1(z,2z;)=(z,t+ilmz,) = (z,t + i(|z |2k + u)); Im z, =|21|2k + u,
. 12k 2k
w=(w1,w2)=(w,s+zImw2)=(w,s+z(|w| +n)); Imw, =|w; | + 7.

The complex tangent space to dH,, which we denote T, is spanned by the real
and imaginary parts of the holomorphic tangent vector

N VS P 9 _1/9 9
Z—az]+12kz1 2 32’ where 3 = 7| 3% lay'

Using the notation (2.1.1) and restricting to dH,,

9 k19
(2.1.2a) Z= 2, + ikz* 1z e
ReZ = %58; + k(x? +y2)k_1y%, and
(2.1.2b) s s
ImZ=—§@+k(x +y?) x5

At the weakly pseudoconvex points, where z = 0, T¢ is simply the z plane. For
other z, T¢ is tilted slightly from the z plane. As |z| increases the tilt increases, but
T¢ is never perpendicular to the z plane.

The Szegd projection S on a domain § C C” is the orthogonal projection from
L*(3) to the Hardy space H?(2) of holomorphic functions on @ with L2
boundary values. The Szego kernel S({, w) is the kernel for which

SF(¢) = fa (@)5(5,@) ¥ (w).

See [S2 or Kr] for discussions of the Szegd projection and the related Bergman
projection. We take dV({) = dV(x, y, t) = dxdy dt. This measure is Lebesgue mea-
sure on the parameter space R®, not Hausdorff measure on the set 0H, c C% We
define L*(0H,) to be the space of functions L? relative to this measure and we
define the Hardy space

H?*(H,) = {f holomorphic on H, | sup / o

p>0 “Imzy=|z|" +p

lfIZdV< oo}.

Greiner and Stein [GS] have computed the Szegd kernel for H, with Lebesgue
measure on the parameter space. Their formula is
1/k 2
-z 1w1)

-1
2k 2k (k—1)/k
ENREAA +u+n) ]
2

2k 2k
Iz, +]|w| p+n

(21.3) S(g,w)=#[((§[s-z]+ L
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where we take the principal branch of the root function. It is not difficult to check
that for {, w € H, the denominator of the kernel vanishes if and only if { = w € dH,.

3. The pseudometric. In the next sections we define and analyze a pseudometric
globally suited to the complex geometry of dH,. This pseudometric, arrived at by
study of the Szegd kernel, allows the treatment of the Szegd kernel as a singular
integral kernel. By a pseudometric we mean a nonnegative real function satisfying
the approximate symmetry and triangle inequality of 3.3.5 and 3.3.4 below.

If { is a type 2k point, that is if z = 0, then the pseudometric we define below is
essentially |w| + |s — ¢|'/25 If { is a type 2 point, that is z # 0, and w is nearby
then the pseudometric is essentially |z — w| + |s — ¢|!/2. Suppose, however, { is a
type 2 point and w is far from { relative to the distance between { and the type 2k
points. From this perspective { appears to be almost a type 2k point and accord-
ingly the pseudometric becomes a hybrid of the two.

For discussions of other pseudometrics and singular integral operators suited to
particular geometries and situations see Folland and Stein [FS], Nagel, Stein and
Wainger [NSW1, NSW2], and the book Nagel and Stein [NS].

3.1 Definition of the pseudometric.

3.1.1 DEFINITION.

1,2

2k+|w|2k)1/k ~
—_— —zw

[$1s- 0+

In (3.1.1) the kth root is chosen so that its argument lies between -« /2k and «/2k.
This 1s the same as the k th root that appears in the Szegd kernel.
Throughout §3 we use the notation

d(§.0) =

. | |2k ;] |2k 1/k

(3.1.2a) P=(i[s—z]+ z s ) , Q= zw.
2 2

In §3.3 we use

(3.1.2b) Ry, = P+ — Q.

The definition of d becomes

(3.1.1) d=|P- 0|

The Szego kernel is simply
R S S

4’ (P— Q)P

3.2 Analysis of the pseudometric. The formula in (3.1.1) for the pseudometric is
clearly derived from the Szego kernel (2.1.3). Here we make some calculations that

will be needed below for showing that (3.3.1) does in fact define a pseudometric and
for establishing the required estimates.

(3.1.3)

3.2.1 LEMMA. Given §{ and 1 € dH,, let d| be the infimum of all 8 satisfying

' 2 +w[” -1
(3.2.1a) é[s—t]+—f—2—w——z"’v_v"' < 8?zw| 4+ &%
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and
(3.2.1b) |z —w| <.
Then |P| = |Q| + d}.

ProoF. Clearly |P| 2 |z|? and |P| = |w|? so |P| 2 |Q, always. If d,({, z) = & then
at least one of (3.2.1a) and (3.2.1b) is an equality. If (3.2.1b) is equality then at least
one of |z]and |w|is = & so |P| = |z|* + |w|? 2 82 If (3.2.1a) is equality at least one
of |P|¥ and |Q|¥ = |wz|* is 2 82|Q|*"! + 82k, Hence, since |P| > |Q|, we have
|PI* > 82|Q|*! + 82k > 8% Thus |P| > 8% Summarizing, we have |P| > |Q| + 8%
For the opposite inequality, observe that condition (3.2.1a), implies that

P* <lof + 820" + 87 < max(|o", 87¢).
Thus |P| < |Q]| + 8% O
3.2.2 LEMMA. With d, as in Lemma 3.2.1, |P — Q| = d}.

PROOF. Let C, = max(3, csc(7/2k)). We consider the cases

(3.2.3) |z]< C,8
and
(3.2.4) |z|> C,8

separately. Within each of these cases there are the two cases in which 4,({, w) = §,
namely

(3.2.52) |Pk— 0% < 820" " + 6% and
(3.2.5b) |z —w|=28

or

(3.2.6) |P*— 0%|=80|" " + 8% and
(3.2.6b) |z — w|< 8.

Case (1). Suppose (3.2.3) and (3.2.5). Using the natural homogeneity we may
assume § = 1. The problem then becomes to show that

. 2% 2K\ 1/k
(32.7) F(s—z,z,w)a(i[s—z]ﬂ—”—ﬂ) —

2 2

is bounded uniformly above and below when

' |2 1wl -
(3.2.8a) %[s—t] + 12 5 Pl kpk <lzw| 4+ 1,
(3.2.8b) |z—-w|=1, and
(3.2.8¢) lz] < C,.

Conditions (3.2.8) imply |s — 7] < |z]** + |w|** + |zw|* ! + 1 < C. This combined
with (3.2.8b and c) implies that the set K of (s — ¢, z,w) € R X C X C satisfying
conditions (3.2.8) is compact. As observed in §2.1, the function F in (3.2.7) vanishes
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if and only if s — 7 = 0 and z = w. Therefore, because of (3.2.8b), F is never zero
on K. Since F is continuous, we obtain (3.2.7).

Case (i1). Suppose (3.2.3) and (3.2.6). We show that in this case it is true that in
fact

(3.2.9) |P — Qe*™//k|=§2 forallj=0,1,....k—1.
First observe that conditions (3.2.3) and (3.2.6b) imply

(3.2.10) |z|]< 8, |w|<$8, |B|<$8?% and
(3.2.11) P — Qe*//%| <82 all j=0,1,....k— 1.

Now, [T/_}(P — Qe*™//k) = P* — Q% By (3.2.6a) and (3.2.10) |P* — Q% = §%%.
Thus
k-1

1_[ IP _ QeZWU//\'l ~ 82k‘
j=0

Combining this with (3.2.11) we deduce (3.2.9). In particular, taking j = 0, |P — Q|
= §%
Case (iii). Suppose (3.2.4) and (3.2.5). We show that these conditions imply (3.2.6)
with = replaced by = . This reduces case (iii) to case (iv). First,
(3.2.12)
k k k k | w2 _ 1 2 2mij/k |2
|P* -0 |>|Re(P -0 )|=§‘z — wk| =5|z—w| l—[llz—we R
j=
By (3.2.5b) |z — w|* = 8% For the other factors, note that the condition in (3.2.4)
that |z| > (csc (7/2k))8 and condition (3.2.5b) (here we need only <) imply

(3.2.13) |arg zw| < 7/2k.
Thus
(3.2.14)
The angle between z and we?™//%, j =1,2,..., k — 1, is more than 7 /2k.

The condition in (3.2.4) that |z| > 38 and condition (3.2.5b) (again, we need only
<) imply

(3.2.15) |z|=|w|> & and |Q|z 8
By (3.2.14) and (3.2.15)
(3.2.16) z—wez””/"]22|z|2=|zw| for j=1,2,...,k— 1.

Combining (3.2.16) and condition (3.2.5b) with (3.2.12) above we have |P* — Q%] >
82zw|* . Because of (3.2.15), |P* — Q|2 82|zw|*~! + 8%, Since condition
(3.2.5a) is the opposite inequality, we have |P* — Q| = §%|zw|*~! + §2, as claimed.
Case (iv). Suppose (3.2.4) and (3.2.6). We use the formula
k-1

(3.2.17) P-0Q=(P-0%/ 1:[1 (P — Qemii/k).
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Conditions (3.2.4) and (3.2.6b) imply |w| > & and

(3.2.18) 10| 62
By Lemma 3.2.1 |P| = |Q| + 8 so, with (3.2.18),

(3.2.19) |P|=|Q|.
For the numerator in (3.2.17), note that condition (3.2.6a) and (3.2.18) give

(3.2.20) 1Pk — ok = 80| + 8% = 820 .

For the denominator in (3.2.17) observe that, as in case (iii),the condition in (3.2.4)
that |z| > (csc|7/2k|)8 and condition (3.2.6b) imply |arg zw| < 7 /2k. Since P is a
k th root taken with |arg P| < 7 /k, the angle between P and Qe’""//* = zwe2"'//* is
larger than #/2k for j=1,...,k — 1. Therefore, because of equation (3.2.19),
|P — Qe?"//K| =|Q|, j=1,...,k —1,and

k—1
Iie- Qe2miitk| = |Q| .

Combining this estimate for the denominator with (3.2.20) for the numerator in
(3.2.17) we obtain

k=1 k=1
|P—Ql=8P[ /lQI" =8 O
3.2.21 PROPOSITION. d = d,, where d, is as in Lemma 3.2.1.

PROOF. Since d = |P — Q|'/? this is simply a restatement of Lemma 3.2.2. O

Lemmas 3.2.1 and 3.2.2 will be seen later to contain also the basic size estimate on
the Szegd kernel.

REMARK. The d, defined in Lemma 3.2.1 is similar to the pseudometric pg of
Nagel, Stein, and Wainger [NSW1], which is given in terms of a defining function
for H, and Kohn’s lambda function [Ko]. The right side of (3.2.1a) is essentially
Kohn’s lambda function for H,. Our definition of d; becomes a definition for py if
in (3.2.1a) we replace the |zw|¥~! with |z]**~? and we add to (3.2.1b) the conditions
|s — t] < & and ||z|** — |w|?*| < 8. The Nagel-Stein-Wainger [NSW1] definition was
designed for local use and is equivalent to the pseudometric here only on compact
sets, even in the strongly pseudoconvex case k = 1.

The condition contributed by the real part in the left side of (3.2.2a) is redundant.
Also, in the right side of (3.2.2a) we may replace the expression |zw| by |z|? or by
|[w|%. The resulting definition is useful for the volume calculation we make. We
record it in the following.

3.2.22 PROPOSITION. Given § and 1 € 0H,, let d, be the infimum of all & satisying

(3.2.22a) [i[s — 1] + Im(Z*w¥)| < 82|2I2k_2 4 g2k
and
(3.2.22b) 2= w|<8.

Thend, = d, whered, is as in Lemma 3.2.1.
PROOF.

(3.2.23) Im( P*¥ — Q%) = L[5 — t] + Im(z*w*),
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so clearly d| > d,. For the other direction observe that (3.2.22b) implies
Re(Pk _ Qk) - %Izk _ wk|2 Slz _ w|2(|z|2(k—1) +|w|2(k-1))

<82 w ) < 82wt 4 82

<82z 4 82k,

Condition (3.2.22a) is the corresponding inequality for Im(P* — Q) (recall (3.2.23)).
Therefore the pair (3.2.22b) and (3.2.22a) imply the pair (3.2.1b) and (3.2.1a) with
< in the second pair. Thus d, < d,. O
For use in §6 we record the following variation as well.

3.2.24 PROPOSITION. Given § and n € dH,, let dy be the infimum of all § satisfying

_ 2k 2k N

(3.2.24a) é[s—t]+ 2] ;IW' — zkwk <%(sin %) i 262+%62"’
and

(2.2.24b) 2 — w| < 8.

Thend, = d, whered, is as in Lemma 3.2.1.

In (3.2.24) the constants 4(sin(7/k)** % and } may be replaced by other positive
constants. The choice made here will be useful in §6. Note that we have established
d=d, =d, =d,.

3.3 Triangle inequality, symmetry, and homogeneity. In view of the equivalence
shown in the preceding section, an inequality d({, w) < d(§,v) + d(v,w) for d,
implies the same inequality (with possibly different constants) for d.

3.3.1 LEMMA. d,({, w) < d,(§,v) + d (v, w).

PrOOF. It suffices to show that if

(3.3.2) di(¢,v) <6 and di(rv,w) <
then
(3.3.3) di($,w) < 8.

In the notation (3.1.2b) and with { = (z,7), v = (4, r), w = (w, s), the assumptions
are

|R,,| < 82|zu|ki1 + 8%k, |z —ul<8,
and
IR, | < 8uw| ™"+ 8%, [u—w|<38.

These clearly imply, by the Euclidean triangle inequality, |z — w| < 8. For the other
requirement of (3.3.3),

|R§w|=|R§, +R,, +(z" = u*)(ut - W")i
S (82[2“|k7l + 8%K) +(82|uw|k_l + 8%)

+82(|zul' " H 2wl ] ]t ).
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If |w|> 38 then |w|=|z| =|u| and |Ry,| < 8%|zw|*"! + 8% If |w| < 38 then
|z] < & and |u| < § also, so
R, | < 8% = 8% zw| " + 82,
as needed. O
3.3.4 PROPOSITION (TRIANGLE INEQUALITY). d(,w) < d(,v) + d(v, w).
3.3.5 PROPOSITION (SYMMETRY). d({,w) = d(w,{)..

PROOF. This is clear. O
With Propositions 3.3.4 and 3.3.5 we are now justified in referring to d as a
pseudometric.

3.3.6 PROPOSITION (HOMOGENEITY).
(3.3.7) Let ¢ = (r2,7%t) and 1w = (1w, 7%s).
Then d(7¢, 7w) = 7d(§, w).

PrOOF. The homogeneity is clear from the definitions. O

3.4 Volumes of balls.

3.4.1 DEFINITION. B((8) = B{(8) = {v € 3H,: d({,v) < 8}. B(8) is the open
ball of d-radius § centered at {. Recall that the volume we use is Lebesgue measure
on the parameter space R,

3.4.2 LEMMA.

. \2k—=2
Vol[ B{=(8)] = 4w82(%|z|2*"282 + %32").

PROOF. By Cavalieri’s principle, the volume is the area of the disc |z — w| < §,
which is 782, multiplied by the height

. 2k-2
4( (sm(7r/4k)) |z|2k_282+—12—82"). -

3.4.3 LEMMA. For all constants C > 0,

Vol B{>(C8)| < [max(C*,C***1)]Vol[ B{=(8)].
PROOF. This follows from the expression given in Lemma 3.4.2 for volume. O
3.4.4 PROPOSITION. VoI B{(8)] = 8%(8%|z|** 7% + §%%).

Proor. By Propositions 3.2.22 and 3.2.21 there exist constants C, and C, such
that

B{>(C,8) c B{(8) c (B{>(C,8)), forall { and all 8.
Now use Lemmas 3.4.2 and 3.4.3. O

3.4.5 PROPOSITION (DOUBLING PROPERTY). For each constant C; there exists a
constant C, such that

Vol[ B{(Cs8)| < C,4 Vol B,(8)].
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PRrROOF. This follows immediately from Proposition 3.4.4. O

Proposition 3.4.5 gives an upper bound on the volume of expanded balls but gives
no useful information on a lower bound. There is, however, lower bound informa-
tion derivable from the expression for volume given in Proposition 3.4.4. We do not
use the following proposition or its corollary except for completeness in the integral
formulae in the next section. The corollary allows us to obtain equivalence rather
than just upper bounds in the formulae. This allows us to see, for instance, that the
Szego kernel is in fact not absolutely integrable.

3.4.6 PROPOSITION. Let C; and C, be constants ( guaranteed to exist by Proposition
3.4.4) such that

G[82(82121* 77 + 82)] < Vol[ B(8)] < ¢ [82(8%2* + 824)].
Then
Vol[ BY(C8)| > C*(Cs/Co)Vol[ B (8)]  forall C > 1.
PROOF.

Vol[ BY(C8)] > C5(co)((c8)zI™ 7 +(c8)™)

> CC%2(82z|" 7 + 87%) > (G,Ct/C) Vo[ BE(8)]. O
3.4.7 COROLLARY. If C* » 2C,/Cs, where Cs and Cg are the constants in Proposi-
tion 3.4.6, then

Vol[ B (C8)\ B;(8)] > Vol[ B,(8)].

Proor. This follows immediately from Proposition 3.4.6. O

Next we show that an ¢ fringe on a ball of radius R becomes negligible relative to
the whole ball as R becomes large. We require an observation about homogeneity.
Recall that we use the dilation 7¢ = (72, 7%%t), 7 > 0, of (3.3.7).

3.4.8 LEMMA.
(3.4.9) 7w € B, (78) ifandonlyif € By(9)
and
(3.4.10) Vol[ B,;(78)] = 72%*2Vol[ B,(7)].

PROOF. (3.4.9) follows from the homogeneity (3.3.6) of the pseudometrics. (3.4.10)
follows from (3.4.9) and the fact that volume is simply Lebesgue measure on R®. O

3.4.11 PROPOSITION. Fix ¢ € Rand { € dH,. Then

Vol[ B{(R)\ B{(R — ¢)] _
R Vol[ B,(R)]
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PrOOF. By Lemma 3.4.8 with 7 = 1 /R,
Vol B((R)\ By(R = ¢)]  R"*2Vol[ B, x(1)\ By x(1 — ¢/R)]

Vol[ B;(R)] R72Vol[ B (1))
_ Vol B; (1) \ B; /z(1 — ¢/R)]
Vol[ B, x(1)]

By the formula for volume in Proposition 3.4.4,
2k-2
Vol[ B, x(1)] =I¢/R|” "+ 1> C.
Therefore,
Vol[ B{(R)\ B;(R — ¢)]
Vol| B,(R)]

< C'lVol[BK/R(l)\BUR(l - %)]

Letting R tend to oo, the right-hand side tends to zero. Hence the left-hand side
tends to zero. O
3.5 Integral formulae.

3.5.1 PROPOSITION.

f dV(w) - {1/8", a>0,
we b5 Vol Bi(d({,0))][d(¢,w)]*  |diverges, a<0.

PROOF. Choose C satisfying the hypothesis of Corollary 3.4.7. Observe that
Co = Css0C =2 > 1. Now,

f dv(w)
W& B(8) vcl[Bg(d(g‘,w))][d(K,w)]“
_ 5 dv(w)
E’O /Bg(c'*‘m\zz;(c"s) Vol[ B, (d(¢, w))][d(¢, w)]®
2 Vo[ B(C™*18)\ B,(C)]
=0 Vol[ B (d(§,»))](C'8)"
5 VOl[Bg.(C"S)]A _ %

=0 Vol[ B(C'8)](Cs)

_ (1789, a>0,
- diverges, a <0. O

Next we integrate inside the ball with powers of d in the numerator.
3.5.2 PROPOSITION.

[ lGorwe « 0,
W€ B (8) VOI[B{(d({,w))] diverges, a<0.

PROOF. The proof is similar to that of Proposition 3.5.1. O
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Here, we integrate on the ¢ fringe of a ball of radius R.

3.5.3 PROPOSITION.

1
lim dV(w)=0
R— o '/ueBg(R)\B{(R e) Vol[B; (d(g. w))]
PROOF. The absolute value of the integral is dominated by

Vol[ B(R)\ B;(R - ¢)]
Vol[ B(R)]

Hence, by Proposition 3.4.11, the limit as R — oo is zero. O

4. Connecting curves. In the next sections we show that the points that lie a
distance & away from { are the points that can be reached from { along curves
whose tangents always lie in the complex tangent space and whose projections in the
z plane have Euclidean length no more than §. We use this characterization of our
balls in §6.2 in the proof of the Calderon-Zygmund condition for the Szegd kernel.

4.1 Curves and lifts. Recall (§2) that the tangent space to a hypersurface in C”
possesses an even dimensional subspace we call the complex tangent space T¢. At
any point { € dH,, T¢ is the plane spanned by

(4.1.1)

ReZ = (1.0.2k (x> + y?)* ™

y) and ImZ = (0,—1,2k(x2 +y2)k_lx)
where { = (z,1) = (x, y,t) and the tangent space to dH, has been identified with

R3. Since the complex tangent space to H, is never perpendicular to the z plane, we
have the following.

4.1.2 PROPOSITION.
A. If T: [a,b] = 0H, is any piecewise differentiable curve in dH, whose tangent
always lies in T then

(4.1.3) t(r) = 2k/ p** (o) ‘w( )

do + 1, a<T<b,
where T = (x(7), y(7),1(7)), (p,8) is (x, y) in polar coordinates, and t, = 1(0).

B. (Lifting) Given any piecewise differentiable curve T: [a, b] = C whose image lies
in the (x,y) plane and given any height t,, there is a unique lifted curve T:
[a,b] = 9H, in dH, whose tangent always lies in T¢, whose projection in the (x, y)
plane is T, and whose initial height is t,.

ProoF. If T always lies in T then, using (4.1.1), there exist coefficient functions
A(7) and p(7) such that

(,i‘(‘r).}‘(T). ( )_ )ReZT(7)+p.( )lmZT(r)

= (A7) (7). 2k (x2(r) + y2() T M(7) p(7) + p(r)x(7)]).
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Here, dot denotes 7 differentiation. We see that A(7) = x(7), p(1) = —y(7) and
that therefore

. k=1y . .
i(r) =2k(x*(7) +y*(r))" [x(7) y(1) = y(7)x(7)]
= —2kp2k(7)9(7).
Integration gives (4.1.3). For part B, simply note that given the curve T and the
intial height ¢, (4.1.3) defines T. O
4.2 The pseudometric in terms of curves whose tangents lie in the complex tangent

space. We use the conventions that T is the projection of T into the z plane and that
L(7T) is the Euclidean length of T.

4.2.1 LEMMA. If the points { € 0H, and «w € 9H, can be connected by a curve T
with T € T<and L(T) < 8, then d(¢,w) < C8, where d is the pseudometric defined in
83 and C is a constant that depends only on k.

PrOOF. Let T: [a,b] - 3H, be as described with T(a) = ¢ and T(b) = w. To
show that d({,w) < C8 we choose to work with d, defined in (3.2.22). Clearly the
condition L(7T) < 8 implies (3.2.22b). To show (3.2.22a) we use the polar coordi-
nates z = pe'% and w = p,e'® to rewrite (3.2.22a) as

(4.22) Ss — o]+ obplsin[k (8, — 6,)]] < 8%2% 1+ 57%.
By Proposition 4.1.2, the assumption Tere gives

(4.2.3) s—t= —Zk/b p**(0)é(0) do,

where (p(7),0(7)), 7 € [a,b], is T written in polar form. Using (4.2.3), (4.2.2)
becomes

(4.2.4) |plpksin[k(8, - 8,)] — k/h 0*¥(06)8(0) do| < 82Xk~ D+ §2K,

The assumption on the length of T is that

(4.2.52) L(T) < 8,
whence
(4.2.5b) ffp(o)|9(o)|do <.

We show that (4.2.5) implies (4.2.4). The cases of p small and p large are treated
separately.
Case (i). Suppose p, < 28. Then by (4.2.5a), |p(7)| < 38 for all 7 € [a, b]. First,
this implies
|okpksin[(6, — 6,)] | < 82%.
Also, with (4.2.5b),

‘k/b 0**(0)8(0) do
Hence (4.2.4) holds.

< 82k—lfh p(0)|é(o)|do < 8%
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Case (i1). Suppose p, > 28. Then by (4.2.5a) we can choose R and r with
(4.2.6) r<p(r)<R forallte€ [a,b] and
(4.2.7) R=r=p(r) all7€[a,b] and |R —r| <28.
For convenience we take 8, — 8, > 0. Since § — 6°/6 < sinf < 6 for all § > 0 we
have then, with (4.2.6),
(4.2.8)
2 [k(8, -6,

6

Define .= 1(]§] + ) and §_= 1(]§] — §) to be the positive and negative parts,
respectively, of 6. Then, for the second term on the left side of (4.2.4) we have, using
(4.2.6),

(4.2.9) /u” 0*(0)8(0) do = f”pzk(o)m(a)do— /” 0**(6)8_(o)do

a a

,.Zkk(oh - 0a) < p(,;pll(151n[k(0b - 0{1)] < RZkk(ah - 0(1)'

< Rz"fh 6,.(0)do — r“fh 6 (o)do

= R“fh 6(o)do +(R* - rzk)fh 6_(o)do
= R?%(6, — 6,) +(R** — rz")fb 6_(o)do

and similarly

(4210) [ 0*(0)8(0) do > r*(8, — 6,) = (R* = rz")/ah 0_(o).

a

Combining (4.2.8) with (4.2.9) and with (4.2.10), we have

(4.2.11) ool sin[k(8, — 8,)] = k [ **(0)8(0) do
< (R%— r“)k[(ﬂh —o)+ [ a,(o)do].

(4.2.12) ploksin[k(8, —6,)] — kfb p**(0)6(0) do

> (7 = Rk[(8,- 0+ [0 (o) do] - Al LUUSIN

Now, (4.2.6) and (4.2.5b) imply

b . 1 /b . )
/u 10(0)|do < Efa p(0)l6(0)|do < %.
Hence
) b )
(4.2.13) |6, — 0,] < R and /a 0 _(0)do < R
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Using (4.2.13) and (4.2.7) we find that the right side of (4.2.11) is

)

< (RZk _ r2k)E < R2k—1(R _ r)% < R2k—262

~ 2(/('—1)82 ~ p2(k—l)82 + 82k‘
We obtain the same estimate on the absolute value of the right side of (4.2.12) by
noting that the extra cubic term is < R?%§%/R3 < R**~2§2. Together these esti-

mates give (4.2.4). O
The following two lemmas give the converse to Lemma 4.2.1.

4.2.14 LEMMA. If § = (z,t) and {’ = (z,t") have the same first coordinate, then {
and ¢’ can be connected by a curve T with T € T and L(T) < Cd(¢,¢’), where Cis a
constant that depends only on k.

PROOF. We exhibit such a curve. Let z = re'?. Let T be the curve in the plane that
goes from re® to (r + Ar)e® along a straight line, goes from (r + Ar)e® to
(r + Ar)e'®*59 along the circle |¢| =r + Ar, goes from (r + Ar)e’®*49 o
re’®+29 along a straight line, and goes from re’®+4%) back to re’’z along the circle
|¢] = r. Let
(4.2.15) Ar=d(L.¢).

Define Ar = ¢’ — t and let A8 = At/[-2k[(r + Ar)** — r2K]). Let T be the lift of T
that has initial height ¢. Using Proposition 4.1.2 we calculate that the final point of

T has height —2k[(r + Ar)2* — r2¥]A8 + t = At + 1. Therefore T connects ¢ to ¢.
Furthermore, the Euclidean length of T is

(2r + Ar)| At

L(T)=2Ar +(2r + Ar)|A0| = 2Ar +
Zk[(r + Ar)Zk - rzk]

(2r + Ar)|At]
2k[(Ar)2k + rz"‘lAr] ‘

Using (3.1.3) we see that |A7| = d?r**"2 + d?* where d = d({,¢’). Therefore,
recalling (4.2.15),

< 2Ar +

(r+d)(d?r* 2+ d2k)

L(T)sd+ 42k 4+ p2k-1y
iy d2r2k=1 4 g2k+1
=d+ d2k + r2k-1g

=d+d=d asrequired. O

4.2.16 LEMMA. If { and w are any points in 0H,, then they can be connected by a
curve T with ¥ € T and L(T) < Cd(¢, ).

PRrOOF. First connect z to w with a straight line T,. Let T, be the lift of T, and let
@ = (w,s’) be the final point of T,. By, (3.1.3b), |z — w| < d({,w). Thus by
Lemma 4.2.1 d({, ") < L(T,) < d({,w). Hence, by the tringle inequality (3.3.1),
d(w, ) < d({,w). Now by Lemma 4.2.14 there is a curve Tz connecting «’ to w
withT, € T¢and L(T,) s d(w,w’) < d({,w). Take T =T, U T, O
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4.2.17 PROPOSITION. Define
d, (¢, w) <8 ifand only if { and w can be connected by a curve
whose tangent always lies in the complex tangent space and
whose projection in the z plane has length no more than 8.
Then d , is equivalent to the other pseudometrics we have defined.

PrOOE. This follows from Lemmas 4.2.1 and 4.2.16. O

5. Singular integrals. The following sections contain the theorems about singular
integral operators that we will apply to the kernel S.

5.1 Principal value integrals and L? estimates. The following theorem for R”
appears in Stein [S1]. A version for homogeneous spaces is contained in Coifman
and Weiss [CW], Koranyi and Vagi [KoV], and Goodman [Go]. On 9H, with the
pseudometric we have defined we have neither the case of convolution kernels, as in
[S1], nor the case of a homogeneous space, as in [CW, KoV, and Go]. However, with
various modifications, the proofs in these references work for dH,. Details of these
modifications are given in [Di]. The essential point is that the necessary properties of
the pseudometric are a triangle inequality and a volume doubling property, both of
which we have established.

Let K: {(0H, X 0H,)\ diagonal} — C be measurable. Define K *({, w) to be the
complex conjugate of K(w,{), K*({,w)= K(w,{). Theorems 5.1.5 and 5.2.5 say
that the following conditions on K and K * suffice for K to define a principal value
integral operator that is bounded on L7(dH,), 1 < p < oo, and that preserves
Lipschitz classes.

(5.1.1) Size condition

[K(¢ w)] < B(Vol[Bg(a’({,w))])_l, for some B < o0.
(5.1.2) Calderon-Zygmund condition

f,(g ) ed ,)|K(§*“’)‘K(§»‘°')|dV(§)<B, for some ¢, B < o0.
(5.1.2) 1K(t.0) - K(£.0)| < d(w, o)

d(f.w)Vol[B;(d(f,w))] .
(5.1.3) Mean value zero condition
/ K({,w)dV(w)=0, forall0 <R, <R, < o0.
R, <d({.w)<R,
Observe that, by the integral formula (3.5.1), (5.1.2)" implies (5.1.2).
Define the truncated kernels

(5.1.4) Kf(g-’w)={K(§»‘*’) if d(§,0) > ¢,

0 if d(¢,w) < e

5.1.5 THEOREM. Suppose K($, w) = {(dH, X 0H,)\ diagonal } — C and suppose K
and K * satisfy (5.1.1), (5.1.2), and (5.1.3). For f € L?(dH,),1 < p < o, let

(5.1.6) (&) = [ Kte)f(0)dV(e)., > 0.
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Then

(5.1.7) ITAN, <A1

with A, independent of f and e. Also, for each f € L?, lim,_, T, f = Tf exists in L”
norm. The limit operator T also satisfies (5.3.5).

5.2 Preservation of Lipschitz classes.
5.2.1 DEFINITION. For 0 < 8 < 1, let

n-{rernce swp /() = /() /(5,0 < o).

Thus I is a nonisotropic Lipschitz class defined in terms of the pseudometric of §3.
For f € T; we let

/&) = f(e)|
d(t,0)f

5.2.2 LEMMA. Suppose K and K * satisfy (5.1.1), (5.1.2)', and (5.1.3). Define K, T,,
and T as in Theorem 5.1.5. Suppose 0 < B < 1,1 <p < oo, andf € [z N L”. Then

1 e, =0/ 1l + P

(5.2.3) Tf(¢) = lir%fKE(f,w)f(w)dV(w) with convergence pointwise a.e.

5.2.4 THEOREM. Suppose K and K * satisfy (5.1.1), (5.1.2)’, and (5.1.3). Défine T as
in Theorem 5.1.5. Suppose 0 < B < 1,1 < p < co. Then there is a constant A, p < ©
such that for f € Ty N\ L?

177 5, < Ay 515 I +17 er).

5.2.5 COROLLARY. Suppose K and K * satisfy (5.1.1), (5.1.2), and (5.1.3). Define T
as in Theorem 5.1.5. Suppose 0 < B <1, f &€ I}s, and f has compact support. Then
Tf € Ty

6. Estimates for the Szegé kernel. In the next three sections we prove that the
Szego kernel is a singular integral kernel in the sense of §5. In the fourth section we
apply the two main theorems of §5, Theorems 5.1.5 and 5.2.4, to obtain L? and
Lipschitz regularity for the principal value operator defined by the Szegd kernel. In
the final section we give the Plemelj formula that relates the projection operator to
the principal value operator. Then we deduce, by way of the formula, L? and
Lipschitz regularity for the Szegd projection.

6.1 The basic size estimate.

6.1.1 PROPOSITION (SIZE). |S({, w)| = 1/Vol[ B, (d(, w))].

PROOE. In the notation (3.1.2a)

(6.1.2) S =1/47%[P - Q) P* L.
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Therefore by Lemmas 3.2.1 and 3.2.2, Proposition 3.2.21, and the volume formula in
Proposition 3.4.4,

HE : -
s4(lof " +02-2) Vo[ B(8)]

where § = d({,w). O

Observe that by the integral formulae 3.5.1 and 3.5.2 the Szegd kernel just misses
integrability, both near the diagonal and at infinity. That is,

6.1.3 COROLLARY.

S, @) |dV(w)
[d(§, )]

if and only if a > 0, where K, is any compact neighborhood of z. O

[ s e)lldEe)] dv(e) <o and [
we kK. wEK,

6.2 Calderon-Zygmund condition. The usual estimate that is made on a singular
integral kernel in R" in order to derive the Calderén-Zygmund condition is
|V . K(x,y)| < Clx —y|"" % It is pointed out in Nagel and Stein [NS] that an
appropriate generalization to other contexts is

1v.K(x,y)| < C[lx =y - Vol B.(J]x = y)] .

This is what we use here, with Euclidean distance replaced by the pseudometric d
and with v replaced by the holomorphic tangent vector Z.

6.2.1 LEMMA. |Z[S(, w)]] < [d(§, ) - [Vol Bg(d(f,w))]]'l where Z, is the holo-
morphic derivative defined in (2.1.2a).

PROOF. We use the notation (3.1.2a) and write d({, w) = 8. Then

B R L, w[lwl™ -1z
P PK(P - Q)

=[1]S(¢, ).

Case (i) Suppose |z| < 28. Then by (3.2.22b) |w| < §; by (3.2.22a) |s — | < 8%,
by Lemma (3.2.1) |P| = 8% and by Lemma 3.2.2 |P — Q| = 8. Therefore

82K 8(8*) +8(8%F) 1
52k + 52k82 =%
Case (ii) Suppose |z| > 28. Then by (3.2.22b) |w| = |z|; by Lemma 3.2.1 |P| = |Q|

= |z|% by (3.1.3) |s — t] < 8%z]** "2 + [Im z¥w*| < 8|z|**!; and by Lemma 3.2.2
|P — Q| = 82 Therefore

Z S5, w)] S(§, 0)

[1] <

=]

2k-1 2k-1 2k-1

+z]lz]" 8 _ 1
|z|2k82 S

] |218] 2|

s 2k

|z
Combining |/| < 1/8 with the estimate in Proposition 6.1.1 on |S({, w)| we obtain
the lemma. O
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6.2.2 LEMMA. ZS($,w) = 0

ProOF. This is a consequence of the holomorphicity of the Szegd kernel in its first
variable. O

6.2.3 PROPOSITION (CALDERON - ZYGMUND CONDITION). There exist constants ¢
and B depending only on k with

/ 15(¢. @) = (¢, w)|dV(w) < B
W& Be(cd(£.8"))

PROOF. Recall that (4.1.1) implies that if ¥ lies in the complex part of the tangent
space, T, then ¥V = v, Re Z — v, Im Z, where V = (»,, »,, »;). Since Z[S(§, w)] =0,

(ReZ;)[S({,w)] = %(Zg + Zf)[S(g‘,w)] = %Z;[S({,w)]
and similarly
(ImZ)[S(5. )] = (1/20) Z[S(¢, )]
Therefore,
(6.2.4)1f V € T then

(V;[S({,w)]) V= (V;[S({,w)]) -(y;ReZ — v,Im Z)
= vl(Rezg)[S(f,w)] - Vz(lm Z;)[S({,w)]
= 3(n + ) (Z[S5(5,0)]),

where the { subscript indicates that the differentiation is in ¢, and v, is the ordinary
gradient (d,/9x,3,/9y,d,/0t).

Now connect ¢’ to { with a curve T: [a, b] » 0H, that satisfies T e T¢ and
L(T)< cd({,¢’). Such a curve is guaranteed to exist by Lemma 4.2.16. Write
T = (v;,7,)- Then by (6.2.4)

(6.2.5) (Ve[S @) T = 43 + i) (Z[S5(5.0)]).
Therefore, using (6.2.5) and Lemma 6.2.1,
(6.2.6)

|S(¢.0) = S(¢w)| =

b d -
" 5S(R(r).w) dr

. T('r) dr
v=T(71)

- 3] G+ S| ar
< 3 [ HONZS.0)] s dr.
< 2/ 1T(7)|[d(F(r), @) - Vol By, (d(T(7), )] " dr.
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By Lemma 4.2.1, all of the image of T is contained in a ball B (c,d(§,{")), where ¢,
depends only on k. Therefore, by the triangle inequality Proposition 3.3.4 and the
formula for volume Proposition 3.4.4,

d(T(7),w)Vol By, (d(T(7),0)) = d({,w)Vol( Bid (%, w))

uniformly for all 7 € [a, b] and all w outside some ball B (cd(¢,{")). For such w
(6.2.6) becomes, then,

(6.2.7) |S(5.0) = S(¢. )| < [d(¢ w)Vol Bg(d(f,w))]'lfb |T(7)]dr

- [d(g,w)VolBg(d(s“,w))]_lL(T)
< [d(§.0)Vol B(d($, w))] 'd(2.87).

Integrating this in w & B¢(cd({,{’)) and using the integral formula in Proposition
3.5.1 with & = 1, we obtain

I 1S(5.0) = S(¢"w) V()

W& B (cd(§.5'))

sd(s.¢) [

W& By (cd(§.8')

[d($.w)Vol B(d({,@))] ™ dV(w)

=d($,87)/d($,.8’) < B for some constant B. O

6.3 Mean value zero.

6.3.1 LEMMa. Let, for 0 < a < b, Rea > 1

J(a,b) = /07 /h sin®~ 26 L

—— dp df.
p(p —ie')
Then

b

6.3.1a lim J(a,b) = ————.
( ) a—0 (a.) 2 Ha—1)

bh—oc
PROOF. If « is an integer > 2 the formula (6.3.1a) is Lemma 6.2 of Koranyi-Vagi
[KoV]. We show that (6.3.1a) extends analytically to a with Rea > 1 as follows.
Clearly 7 /2 }(a — 1) is analytic in « for Re @ > 1 and is bounded for Rea > ¢ > 1.
We show that on the half-planes Rea > ¢ > 1, the function lim, _, ., . J(a, b) is
also analytic in « and that it is bounded by C,(1 + |a]). Then, since a function that is
analytic in a half-plane and whose growth is at most polynomial is determined by its
values at the integers, we obtain the identity (6.3.1a) for all « with Rea > 1.
Let

-
p(p —ie?)"

1)

fu(p.8) = sin*"2f

so that

sHab) = [* ["1.(p.0) dpas.
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The obstacle to showing that lim, ., _, . J(a, b) is an analytic function of « is the
fact that £, is notin L'([0, c0) X [0, 7]). We replace f, with a new function that is in
L!. We do this by subtracting from f, a suitable term g, whose integral on
[a,b] X [0, 7] is zero for each a and b. Observe that the following integral is zero.

b 1 (1)“—2[ b dp] T e a2 iuf
n* 0———dpdl = | 5 — e’ —e™! e '’ do
v/(; -/u o p(-ie™)” P 2 -[1 Y [) ( )

a—2 a7
_(_%) [fh d?p]f (- e-zia)a—2e-2iod0
a 0

i

Il

= 0.
0

Therefore, let

o 1
g4(p,8) = (sin zﬂ)mxm,u(f’)-

Then,
sab) = [ [*[£l0.0) ~gulo.0)] dodd + [ [ f.(p.0) dpds

N foﬂ f: [/u(p.8) — 8a(p.8)] dpdb.

Now we verify that f, — g, is integrable. First note that for (p, 8) € [0, o0) X [0, 7],
|0 — ie'®| > 1. Therefore, it suffices to examine f, — g, for p near 0, p near oo,
near 0, and 0 near «. For small p,
=l'( h. +1) —1’
P\ —ie!

ey~ )
Pl(p—ie®)* (-ie”)"

1‘ ap ’ 1
= =14+ — — 1| = —|ap| =|af.
5 i pl p| =laf
For large p,

1 1 1| 1

o (p_ ieia)"‘ p1+a pl+Ren'

For small 6, [sin® 28| = |f|R°®~2, and for @ near =, [sin® %f| = |7 — G|Re*"2,
Hence,

(6.3.2a) f.(p.0) —g.(p.0) € L'([0,0) X[0,7]) if Rea > 1.

Moreover,

for each compact subset K of {Rea > 1} there is a C with

6.3.2b
( ) ”fa — ga”l,'(IO,oo) x[0.7]) < CK for all a € K, and

for each ¢ > 1 there is a C, with ||f, — g.ll ;1( 0.00) x[0.7] <
C,(Ja| + 1) for all @ with Rea > .

Now we can easily show that lim, _, ., _, ., J(a, b) is an analytic function of « for
Re a > 1. Consider the family { J(a, b)}, , < r of functions analytic in a. By (6.3.2b),

(6.3.2¢)
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for each compact subset K of {Rea > 1},
T b T L
J(a,b)| = a—addﬂis «— 8aldpdb
) =|[ [ (fo- ) dodt] < [*[" 17, = gl do

=[/e = gall < Ck
for all @ € K. That is, the family { J(a, b)}, , < & is uniformly bounded on compact
subsets of {Rea > 1}. Therefore, by Montel’s theorem, there is an analytic function
F(a) and a subsequence {J(a, b;)} with a, > 0 and b, —» oo such that
lim;_, . J(a;. b;) = F(a). However, by (6.3.2a) and the Lebesgue dominated conver-
gence theorem,
. T b T oc
,;Ei-rf% J(a.b) Il:g:% fo f (f.— 8.) dpdf /O /0 (f.— 8.) dpdf

exists for each a. Hence

lim  J(a,b) = Fa).

a—0:bh—>oc
In particular, lim, _ ., . J(a, b) is an analytic function of & for Rea > 1. Also,
by (6.3.2¢), for each ¢ > 1, lim,_ . ,_ . J(a,b)| < C/(|a] + t) for Rea > 1. The
lemma now follows by the argument outlined at the beginning of the proof. O

6.3.4 PROPOSITION.

S(8,.0)dV(w) = %

g;‘(F)

(6.3.5) lim lim /
B

e=0 p—0
where §, = (z,1 + i|z|** + iu). Here d, is the pseudometric of (3.2.24).

ProOF. First we take the case in which {; is a weak point. Then we treat the case
in which {, is a strong point by reducing the calculation to the corresponding
calculation on the Heisenberg group, a calculation done in Koranyi and Vagi [KoV].
In both cases the final computation is given by the formula in Lemma 6.3.1.

Case (i). Assume z = 0. Then

by = [ono): [ 16—+ P < 28 <
19 AR D) > 5
2k

_ i | e

—{(w,s)..z(s—t)+ 51 < 3 }
Therefore, the limit (6.3.5) 1s
(6.3.6)
lim Lim 1 d(Rew)d(Imw) ds

in in B ‘ 2k (k+1)/k
e=0 p—0 4 i1+ I 2] <2 ((1/2)[s —t]+p/2 +|w /2)

~ lim lim fim —— Iff

e—0 p—=0 h—0 4q° h/2<|(i/2)[x—r]+|w|2k/2|<f2"/2
d(Rew)d(Imw) ds
2k
((i/2)[s = ] + p/2 +{w]" /2

X )(k+1)/k )
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We factor the one half from the denominator, use the dilation s — ¢ = u(s" — t'),
w = pl/2%w’ and then drop the primes. The integral on the second line of (6.3.6)
becomes

2 =ki/k d(Rew)d(Imw) ds
2 /f |2k)(k+1)//< )

h/p,<|i[S—t]+|W|2A <e2k/p (I(S - t) + l +|W

Using polar coordinates (r,d) for w and performing the trivial # integration, we
obtain

2U/k rdrds

. 2k (k+1)/k.
h/u<| (/D05 1]+ r2 | <€/ (l(s—t)+1+r )
r>0

The change of variables s — t = —(1/p)cos 8, r** = (1/p)sinf converts the integral
to

2 -k)/k (Sina)(l"k)/k
7k o dpdo.
p/s“<p<u/h p(p-le )
O<f<m
Now taking lim, _ olim, _, ,lim, _, , we have that (6.3.6) becomes
2 =k)/k (Slnﬂ)(l k)/k
(6.3.7) ( )jl_IPO f f WG dp dé.

Finally, (6.3.7) may be found from Lemma 6.3.1 by taking a = (k + 1)/k. We
obtain that (6.3.7) is 1.
Case (ii). Assume z # 0. The limit on the left side in (6.3.5) is then

(6.3.8) lim lim — d(Rew)d(Imw) ds

e—0 p—0 4!,72 Bf";‘(e) [((,/z)h _ ,] +(|z|2k _{_lezk)/2 + ’L/z)l/k B zw]Z

[ (i/2)0s = ) + (1= +1wl™) /2 + ]
We show that in the limit both the integrand and the region of integration are
essentially those that arise on the Heisenberg group. We adopt the following
notation, which is similar to (3.1.2a) used in Chapter 3.

2k 2k
2w e

(639  P- (-;![s—z]+ chzbn e

2k 17k 2
pr =Wl + )7, or =Wl

(Ige;eg) {’#* and Q* are obtained from P, and Q by setting w = {. In this notation
3.8)1s

d(Rew)d(Imw) ds
(6.3.10 lim lim —
C mmay e

We now modify the integrand.
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Note that lim,,_ (P, = P* and that, for z # 0, P, and P* are never zero for {,
w € H*. Therefore,

1 1
[P‘L—le (Pu*)k—l P#k_l

is locally integrable (uniformly in n). Hence

1
lim lim — — —— |d(Rew)d(Imw) ds = 0.
=0 p—0 4q? é{:\/{/;) [P _ (PM*)/\*I P#AAI
Adding this term to (6.3.10) and noting thatlim, _,, P* = [w|2, (6.3.10) becomes
d(Rew)d(Imw) ds
(6.3.11) ) lim pa— )d( )
o ”&w> B [p.- o)
B 1 d(Rew)d(Imw)ds
——mmw s e
B;"(r) |W| [P;L_Q]

Next we convert 1/[P, — Q]* to 1/[P} — Q*]* Let

k—1

k-1
= n (P# - Qeznij/k)l and 71#* _ I—[ (P#* _ Qez"’//")z_
j=1

Jj=1

Then
X @, — m*
(6.3.12) ! ! WL 1 S - -
[n-o [n-0f [F-o] ™
Now, lim,, _,, 7, = m* and, for z # 0, m, is never zero. Therefore the second term on

the right in (6.3.12) is locally integrable. Hernce its integral on Bsffj(s) vanishes as
e — 0 and the term on the second line of (6.3.11) becomes

1 .. 1 d(Rew)d(Imw) ds
6.3.13 —1 1 *
( ) 472 020 umd B{ﬂ‘{‘) K lw|* [P, - Q]
Note that
""l N2 2
[P _Q] (P#_ernj/k) =<Puk_Qk)~

Jj=0

Also, in the limit mx becomes
k-1

k-1 ;
1—[ (|W|2 —|W|262ﬂij/l\')2 _ (IW‘Z)Z/(--Z l—! (1 _ ez,,”-j/k)Z - k2(|w|2)2k—_‘
j=

j=1
Thus (6.3.13) becomes
u 2d(Rew)d(Imw) ds

(6.3.14)
B! (¢) [PuA o ]

W =0 p—0
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The integrand of (6.3.14) transforms to the Szego kernel times the usual volume form
d(Rev)d(Imv)ds on the Heisenberg group under the straightforward change of
variables

(6.3.15) v =wk (s unchanged).

Before making the change, however, we make some observations about the region of
integration, B;fg(s).

(6.3.16) Fix {, = (z,¢t). For e < (sin(w/k))|z| the set

+|Wl _ kipk

B - {(W,s); ’%(s BPAE

. 22 ) 2k
- (51n(7r/4k)) |212k 20, 3_2_}

is a disjoint union of k sets B, One B; lies in each of the cylinders
q={(W’S):lw—zeZ"U/k|<8}, j=0,.-.,k_1.

Also, each B, is the rotation in the z plane by e*""//* of the ball
2k 2k

B (e) = {(W s): ' (s—1)+ L;_ML _ ki

. 2k-2 2k

< —(sm(ﬂ/4k)) |2 7% + ET; w—z| <e}.
To verify these claims, note that for all j € {0,1,..., k — 1} except possibly for one
such jy, |w — ze*™//¥| > (sin(w/k))|z|. On the other hand, if w € B’ then for
e < (sin(w/k))|z|, ’

2k 2k
2| +]

2

|wk — z¢" = 2Re wl

é(s—t)+ —z"'W"]

. 2k-2
- (sm(w/zk)) |z|2k—2£2 b2k

< (sin(m/k )72z 22,
Hence
) 2 2k-2 2k-2
lw — ze2”’~"‘/"|2 |wh — z*] < (sin(7/k)) || e _ 2
ii 2k—2; 2k-2 ’
n/ 0: /#jolw - Zez"”j/k| (Sln(ﬂ/k)) | |

Therefore each w € B’ lies in at least one of the cylinders C;. On the other hand, for
& < (sin(7/k))|z| the C; are disjoint. Thus each w € B’ lies in exactly one of the C,.
The remaining claim, the symmetry, is clear.

Returning to the integral (6.3.14), we observe that the integrand is unchanged
under w — we?™//%_ Therefore, by (6.3.16), we see that if we drop the condition
|z — w| < e in the definition of Bgfj(s), then we obtain k copies of the original
integral. Thus, dropping the condition and dividing by k to compensate, (6.3.14)
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becomes
(6.3.17)

ko
;1—2 lim lim f//
7 >0 p—0 ) ) _
[/ =0+ (= 4 w2 24wk | < [Gsingm k22 /a) 27 2k /2

272 4(Rew)d(Imw) ds

[Puk - ri

[w]

X

k. .
= lim lim
7 >0 pu—-0 5 .
|G/ =0+ Q=+ 1wl /2= Ak <(isingr/kn =2/l 7262 4624 2

2k-2

y [w|" "d(Rew)d(Imw) ds
i [+l :
s = B kok
2(s 1) + > + 5w

Now we make the change of variables v = w* and also write u = z*. Then, since the
map w — v is k to one, we multiply by k. Now (6.3.17) becomes

(6.3.18) ZI% lim lim Iff

[(i/2)[s—l]+([u|2+|v|2)/2—ul')|<e'
1 d(Rev)d(Imv) ds
K [G/2)(s = o)+ (ul’ +107) /2 + w2 - wa|”

Finally, the k2’s cancel and (6.3.18) is the Heisenberg group calculation. By the
corollary to Lemma 6.2 in Koranyi and Vagi [KoV], (6.3.18)is 3. O

6.3.19 COROLLARY. For ¢ > 0, define
2k
I =1 S(¢,,w)dV(w), wh =\z,t+1i + .
. “1_12) sote (¢, 0)dV(w), where§, (z 1(|z| p))
Then, foralle >0, I, = 1.

PrROOF. Using the dilations w = p/?%w’, z = pt/?kz’, s —t = pu(s’ — t'), and
recalling the homogeneity properties (see (3.3.6)) of the pseudometric and the kernel,
I = lim S(¢/,w0)dV(w) = lim S(¢), o) dV(w).

13 p—0 B;l(:“/“n/zk) ({1 ) ( ) R oo 'I;;A}(R) ( 1 ) ( )
Therefore I, does not depend on e. On the other hand, by Proposition 6.3.4,
lim, o/, = 5. Hence, I, = 3. O

6.3.20 PROPOSITION (MEAN VALUE ZERO).

S($y,w)dV(w) =0 forall 0 <a<b.
a<dy(§y.w)<b

Here d, is the pseudometric defined in (3.2.24).
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PROOF. Let §, = (z,t+ i(]z|** + p)). Then, using the notation and result of
Corollary 6.3.19,

/ S(¢y,w)dV(w) = lim f S(¢,,0)dV(w)

”<d3(§()~w)<h p—0 d<d3(§0,w)<b
=1, -1,=0. O

6.4. L” bounds and preservation of Lipschitz classes. We now have enough
information about the kernel S to apply Theorems 5.1.5 and 5.2.4.

REMARK. Note that for our operator we have an alternative to the usual methods
for obtaining the L2 parts of Theorem 5.1.5. The special operator PVS clearly
inherits boundedness on L%(9H,) directly from the Szegd projection, a projection in
L?*(dH,), through the Plemelj formula given below in Theorem 6.5.1. From this it is
possible to deduce L? bounds for the truncated operators as well, giving the L?
information required in the proof of Theorem 5.1.5. However, in order to complete
the proof of L? boundedness we still require all three estimates (5.1.1), (5.1.2), and
(5.1.3) on the kernel. The first two are needed to obtain that the truncated operators
are weak type (1, 1) and the third is needed to pass from the truncated operators to
the principal value operator.

6.4.1 THEOREM (L? BOUNDS). For f€ L?(0H,),1 < p < o0, and for ¢ > 0, let

SIQ) = [ (@)8(Ee)dr(a).

3(§,w)

Then there is an A, < oo depending only on k and p such that
IS/ 1l, < 4l £ llp-
Also, lim, _, S, f = PVS fexists in L? norm and

PVSS£l, < 4,0 f 1,

PROOF. Propositions 6.1.1, 6.2.3, and 6.3.20, with the observation that S*({, w)
= S(w,§) = S(¢, w), imply that S satisfies the hypotheses of Theorem 5.1.5. O

6.4.2 THEOREM (PRESERVATION OF LIPSCHITZ CLASSES). Suppose 0 < B < 1,1 <p
< oo, and f€ Ty N L?. Let g = PVSf, where PVSf is defined in the statement of
Theorem 6.4.1. Then ||g|Ir, < Ap.B(“f”I‘,g + I fl»), where A,  depends only on k, B,
and p.

PROOF. Proposition 6.1.1, inequality (6.2.7), Proposition 6.3.20, and the fact
S* = S, imply that S satisfies the hypotheses of Theorem 5.2.4. O

6.5 The Plemelj jump formula and the Szego projection. Recall that, for f € L*(3H,),
the Szego projection is

S/(5) = lim [ 1(@)$(5,,0) dV(w),

where {, = (z,¢ + i(]z|** + p)) and the limit is taken in L7
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6.5.1 THEOREM (PLEMELJ JUMP FORMULA). Suppose 0 < B <1, f € Ty, and f has
compact support. Then Sf(§) = 3f(§) + PVS/({) for almost every { € dH,.

PrOOF. The conditions f € I}; and supp f is compact imply f € L. Hence, the L?
limit
lim [ 1(0)5(5,.0) av(e) = S£(2)

exists. On the other hand, for each { € dH, and ¢ > 0,

(652) [ f(w)S(§,.0)dV(w) = [ f(0)S(8,, @) dV(w)

dy(§.w)>¢

+ f(w)S( #,w)dV(w)

di(§ w)<e

= f f(@)S(8,.0) dV(w)
dy(§ w)>e

+ [/(@) = F()]S(8,. @) dV(w)

d3(§,w)<s
+f(§)/:“§ . S(8,,0) dV(w).

Let p — 0. Since f(w)S({,, w) is continuous for d4({, w) > ¢, the first term on the
last line of (6.5.2) becomes [, ¢ . . f(©)S(§, w)dV(w). Similarly, the second
integrand is locally integrable and the second term becomes

/ [/(0) = (IS @) dV(w).
dy(§.w)<e

By Proposition 6.3.4 the third term becomes 3f({). Hence, for each { € 9H, and
e >0,

(6.5.3)
lim f@)S(Ge)dV(e) = [ [(0)S(.0)dV(w)

3 (L w)

+ [£(w) = F()]S(E,0)dV(e) + 3/(8).

dy(§.w)<e

Letting ¢ — O on the right in (6.5.3), the first term becomes PVS f({). Since the
integrand in the second term is integrable, the second term tends to zero as ¢ — 0.
The third term is unchanged. Hence, for each { € dH,

lim [ /(0)S(8,.0) dV(w) = PVS/(§) + 4/(5).

Since the L’ limit of the left side is Sf we obtain

Sf(¢) =PVSf(¢) + Lf(¢) almost everywhere. O
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6.5.4 THEOREM. Iff€ L?, 1 < p < oo, then

ISf e < Al f o
The constant A, depends only on k and p.

ProOF. By Theorem 6.5.1, if f € T’y for some 0 < 8 <1 and if f has compact
support then

(6.5.5) Sf=PVSf+ if.

In particular, (6.5.5) holds for compactly supported f € C*. The id~ntity operator is
bounded on L7 and, by Theorem (6.4.1), PVS is bounded on L?, 1 < p < oo.
Hence, by (6.5.5)

(6.5.6) ISfll.r < Al fll.r for compactly supported f € C*.

Since the set of compactly supported f € C* is dense in L?, we obtain (6.5.6) for
all fe L. O

6.5.7 THEOREM. Suppose 0 < B < 1,1 <p < oo, andf € T3 N L?. Then

"Sf Hrﬁ < /pB(”f”rﬁ + ”f”L")’
where A', 5 depends only on k, B, and p.

PROOF. By Theorem 6.5.1,
(6.5.8) Sf=PVSf+ if.
By Theorem 6.4.2, |[PVS fl|r, < 4, g(IIfllr, + I /Il .»)- Hence, by (6.5.8),

ISflln, < (1 + 4, 0)(I f I, +1fllr). O
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